An efficient approach of evaluating the weight functions for the generally load applied faces of shear cracked RC beams with varying shear span/beam depth ratios is presented using the corresponding weight functions for the RC beams with two shear span/beam depth ratios. The shear cracked RC beam under applied load can be considered as an oblique edge crack elastic geometry under mixed load conditions if the nonlinear bridging force is evaluated according to a crack bridging model separately.
In LEFM, the weight function concept which was firstly proposed by (Bueckner, 1973; Rice, 1972) processes very strong advantages because the stress intensity factors for any arbitrary state of loading can be determined if the weight function of a given crack geometry is evaluated from a (perhaps simple) reference state of loading owing to load-independent characteristics of weight functions. Therefore, the use of weight function can obviate the repeated computer calculations of the stress intensity factors, which makes it suitable for some purposes, such as the structural life prediction where it is indispensable to analyze the cyclic load changes of a flawed structure. In addition, the weight function facilitated the formulation of the problem of a bridged crack in an elastic medium as an integral equation (Cox & Marshall, 1991) illustrating the relation between crack opening displacement and crack bridging tractions. The integral equation was further exploited in determining the crack bridging forces (Nazmul & Matsumoto, 2008a , 2008b .
Unfortunately, until now, the number of fracture problems with a close form analytical solution of weight function is very small. Because of that, different numerical methods suitable for the determination of weight functions have been presented, one of which is the Finite Element Method (FEM). The Virtual Crack Extension (VCE) technique, as suggested by (Hellen, 1975; Parks, 1974) , provides an efficient finite element calculation of stress intensity factors and nodal weight functions.
This technique has been employed in determining the 2-D Mode I weight functions in (George, 1984) and extended to 2-D Mixed Mode fracture problems in (George & Chien-Tung, 1985) through the use of symmetric mesh in the vicinity of crack tip. Obviously, the oblique shear crack of RC beams can be simply considered as 2-D Mixed Mode fracture problems.
For the failure pattern of RC beams, one of the decisive factors is the size effect as reported in (Bazant & Kazemi, 1991; Zhang & Tan, 2007) . (Muttoni & Ruiz, 2008; Zararis & Papadakis, 2001 ) concluded that the shear crack leading to failure occurs only in beam with a shear span to depth ration from 2.5 to 8.0. Thus, weight functions for beam geometries with varying sizes are necessary, whereas the weight functions depend on the beam geometry. Therefore, this study is dedicate to presenting an approach of weight function determination for the shear cracked RC beams with varying shear span/beam depth ratio using only weight functions for beams with few shear span to beam depth ratios
FORMULATION FOR MIXED FRACTURE MODE
Exploiting the VCE technique in finite element method, the nodal weight functions for Mode I 2-D crack problems was represented in the displacement differentiation form according to the physical meaning of weight function, which is the normalized rate of change of displacements due to a unit change in the crack length for a reference state of loading, in (Rice, 1972) . This computationally efficient finite element methodology for Mode I cracks was extended to mixed mode cracks, with combined tension and shear loading conditions, in (George & Chien-Tung, 1985) through the use of symmetric mesh in the crack tip neighborhood. The symmetric mesh provides the decoupling characteristic of the stress, strain, displacement and traction field parameters into Mode I and Mode II components with respect to x axis in the crack tip neighborhood as shown in Figure. 1, as a result, the stress intensity factors and nodal weight functions are separated into Mode I and Mode II components.
The decoupled nodal weight functions for Mode I and Mode II at i's nodal location (x i , y i ) with crack length (a) and inclination angle (β) can be represented in the displacement differentiation form as The decoupled displacement components, U I(II)x and U I(II)y , for Mode I and Mode II within the symmetric region in the crack tip neighborhood can be determined according to (Ishikawa, Kitagawa, & Okamura, 1980) Based on the definition of strain energy release rate, in VCE technique the strain energy release rate is the change in potential energy in a given loading system produced by the virtual crack extension. By applying the VCE technique with symmetric mesh in the crack tip neighborhood to the mixed mode fracture problems, the decoupled strain energy release rate G I for Mode I and G II for Mode II can be obtained from the decomposed displacement components {U I } and {U II }, the changes in global stiffness Δ[K] and decomposed nodal force components Δf I and Δf II as follows:
Then, K I and K II can be obtained from the energy-based strain energy release rate according to the following relations
The decouple displacement derivatives, ∂U I(II)x (x i , y i , a, β) and ∂U I(II)y (x i , y i , a, β) for the entire structure, can be obtained through the following process. To simplify the problem, the inclined angle β is considered as constant for a given crack. For a given β, the decoupled Mode I and Mode II displacement components can be expressed functionally as
Applying the chain rule of differentiation with respect to the crack length (a) produces the following equation after rearrangement:
Since the stresses, strains and displacements of Mode I and Mode II are independent with each other and should satisfy the equilibrium equation and compatibility condition, we can obtain that
[K] is the matrix of global stiffness of original crack geometry.
Taking total differentiation of Eq.(6) with respect to crack length and after rearranging, we have
As the changes of the elemental stiffness for the entire structure and the decoupled nodal forces occur only in a few elements around the crack tip as a result of VCE, d [K] /da and d{f I(II) }/da of Eq.(7) can be 
MODELING IN FINITE ELEMENT ANALYSIS

Finite element model
This study focuses on 2-D elastic plane problems and the finite element model is assumed under plane strain conditions where two material properties, Elastic modulus E and Poisson's ratio ν, need to be defined. As illustrated in the formulation section, the elements at the crack-tip neighborhood have a significant influence on the accuracy of the VCE technique
For the finite element modeling of fracture problems, firstly, the crack-tip singularity, r and r / 1 displacement and stress variations, should be represented adequately in finite element method. Accordingly, the crack-tip vicinity is modeled with the degenerated quarter-point quadratic elements where the singularity is implicitly included. The degenerated triangular quarter-point element can be formed from standard 8-noded quadratic elements by defining duplicate node numbers for nodes K, L and O and shift node P and N to the quarter-point as shown in Figure 2 .
For the standard 8-noded plane isoparametric element, the geometry is mapped into the normalized square space shape (ξ, η), (-1 ≤ ξ ≤1, -1 ≤ η ≤1) through the transformations as shown in To facilitate calculation, the origin of the global coordinate system is located at the crack tip. As shown in Figure 1 , the global coordinate system can be obtained through conducting a counterclockwise rotation by the angle, θ. Thus, the formulae for coordinates (x, y) can be expressed as Secondly, the result sensitivity for the element size is an eternal concern in finite element analysis especially for crack-tip elements in this study where the crack-tip elements determine the accuracy. The effect of the singular element size was previously studied by (Ingraffea & Manu, 1980; Lynn & Ingraffea, 1978) . In both studies, triangular quarter-point elements surrounding the crack were employed with an outer mesh of quadrilateral elements. The results on stress intensity factors calculation showed that a local refinement of the mesh in the crack-tip zone improves the accuracy while an acceptable accuracy can be achieved even for relatively coarse mesh if the transition elements (regular eight-noded rectangular elements surrounding the triangular quarter-point elements) are employed (Banks-Sills & Bortman, 1984; Chan, Tuba, & Wilson, 1970) . (Banks-Sills & Bortman, 1984) pointed out that few percents error can be generally achieved for 0.1 ≤ l s /a ≤ 0.3, which satisfies almost all engineering purposes. The 1% level errors were achieved for l s /a=0.03 in (Banks-Sills & Bortman, 1984; Ingraffea & Manu, 1980) . Although from a practical point of view it does not seem desirable to use smaller elements, considering that error of stress intensity factors may be transformed to the nodal weight functions and then to the further fitting weigh functions, smaller element size with l s /a=0.04 is employed in this study.
Except for the crack-tip field, the remaining elastic body can be meshed with standard 8-noded quadratic elements.
Result output
According to the previous formulation on stress intensity factors and nodal weight functions for the combined mode I and mode II fracture problems, the global stiffness matrices and the nodal displacement vectors under a reference load should be output from finite element analysis to conduct analysis of a combined mode I and mode II fracture problem based on the VCE technique. After conducting finite element analysis, we can get the nodal displacement vectors under the global coordinate system (x, y). With these nodal displacement vectors, the Mode I and Mode II components for field displacements within the symmetric region in the crack tip neighborhood can be obtained following (Ishikawa, Kitagawa, & Okamura, 1980) , where a subtraction of corresponding nodal displacements between symmetrical nodes with respect to the x axis is conducted. Since the corresponding nodal displacements of the symmetrical nodes are generally with very similar values, the subtraction may eliminate all effective numbers if the digit length of the values is not enough. A subtraction is conducted between the global stiffness before and after the VCE to get the change of global stiffness due to the VCE as well. Due to the microscale VCE, the change of global stiffness matrices may be cut-off for matrix elements with insufficient digit length. Therefore, sufficient digit length for the element of nodal displacement vectors and global stiffness matrices should be ensured.
RESULTS AND DISCUSSIONS
This study is dedicated to providing some references for the fracture analysis of a major shear crack in an RC beam. In reality, the shear failure process involves the formation of multiple shear cracks before localization into a major crack. However, it is generally acceptable that a crack RC beam can be treated as an elastic body at the point where the static equilibrium reached because the sectional stiffness is mainly from rebars in the tension zone and concrete in the compression zone after cracking. Both rebars and compressed concrete should stay in the elastic state for an RC beam failure due to shear as the shear capacity is lower than the flexural capacity generally. Therefore, the derivation of weight functions based on elastic body assumption is applicable in determining the weight function for the major shear crack in an RC beam. The geometry and the finite element mesh of an oblique edge crack corresponding to the major shear crack are shown in Figure 4 . Any constraint conditions can be employed for calculation and results discussion because as reported in (George & Chien-Tung, 1985) , the dependence of weight function on constrain conditions for a given crack geometry can be circumvented through combining all self-equilibrium forces, which include the applied surface tractions and the reaction forces included from the selected constraint conditions, with the nodal weight functions of different constraint conditions of the same crack geometry. The constraint conditions shown in Figure 5 are employed in all calculations in this study because the stress state for these constraint conditions is clarity and convenient for analyzing.
Strain energy release rate
Applying the VCE technique to the decoupling characteristics of the field parameters in the crack-tip neighborhood produces an efficient finite element evaluation for the mixed fracture mode for strain energy release rates. The accuracy assessment of the numerical strain energy release rates through the combination of the VCE technique and symmetrical mesh at the crack-tip vicinity is conducted through comparing with results from J-Integral method (Nishioka & Atluri, 1983) , which is a generally accepted approach of obtaining strain energy release rates, for oblique edge crack geometries with oblique angle β=45°, h 2 /h 1 =1.5, h/w=5 and 0.1 ≤ a/w ≤ 0.8 under pure bending load condition. The finite element mesh of a crack geometry and constraint conditions are shown in Figure 5 . The J-Integral is originally formulated as a closed line-integral of strain energy density and work done by tractions around the crack tip and then extended to the finite element application based on a domain integral expression of JIntegral derived in (Shih, Moran, & Nakamura, 1986) . The line integral method and the domain integral method were compared in (Li, Shih, & Needleman, 1985) , more extensive applicability and better accuracy have been achieved by the domain integral method. Therefore, the domain integral method is employed in obtaining J-Integral parameters (and hence strain energy release rates) for the elastic bodies in this study.
Before conducting the VCE technique for strain energy release rates, the amount of collinear crack extension Δa in Figure 1 , which is one of the key operational parameters for the VCE technique, should be determined. (George, 1984) With the ∆a/l s ratio value of 10 -5 , the normalized strain energy release rate values evaluated from Virtual
Crack Extension method for the oblique crack with different a/w ratios are listed and compared with solutions from the domain integral method in Table 1 . It is found that the maximum and average absolute discrepancy is 1.057% and 0.425% respectively between the solutions from these two methods.
This confirms that the strain energy release rates of a combined mode I and mode II fracture problem can be evaluated accurately by applying VCE technique with symmetric mesh in the crack tip neighborhood.
Weight function
Even thought strain energy release rates and the corresponding stress intensity factors for mixed mode problems can be determined through applying the VCE technique into finite element analysis, it is still inconvenient to conduct calculations repeatedly for different load conditions. Therefore, a further step of this study is obtaining the weight function through applying the VCE technique into finite element analysis because once the weight functions for a particular cracked body is determined, the stress intensity factor for any loading system applied to the body can be calculated by a simple integration.
Weight function for changing h/w ratios
For an RC beam, the failure mode is strongly dependency on the h/w ratio. (Muttoni & Ruiz, 2008) summarized the failure crack pattern of RC beams with h/w varying from 1. and h IIy' , they increase with respect to the increase of a/w ratio, nevertheless stay nearly unchanged for a fixed a/w ratio and changing h/w ratio.
All the orderly trends represented in the curves of the weight function components can be interpreted theoretically as following. As shown in Figure 10 , for a 2-D crack geometry subjected to any arbitrary combined Mode I and Mode I load condition, the linear elastic stress field around a crack tip can be expressed with as simple analytical form as Considering that loads are generally applied on the top-face of an RC beam, weight functions on the topface are presented as well in this study. Regarding the point E which is closest point away from the crack-tip on the top-face as the origin and defining the direction from F to D as the positive direction, plots of the weight function components for the top-face of a series of typical crack geometries with a/w=0.5 and h/w=2.5, 5.0, 7.5 are shown in Figure 11 . In h Ix and h IIx' , a consistent decrease from maximum to almost zero is observed from point F to E due to the decreasing force lever, while the h Iy' and h IIy' stay at a certain plateau in most of F-E region and drop dramatically to almost zero just adjacent E. When the load applied location passes E, the force lever turns into zero and consequently both h Ix , h IIx' and h Iy' , h IIy' remain almost zero in most of E-D region. Due to the increasing content of local disturbing in the stresses around the crack-tip as the applied load approaching the crack-tip, a slight fluctuation is observed in all curves within a small region adjacent the origin point E. The characteristics shown in the weight function curves for the top-face can be interpreted similarly as for the left-hand face. Figure 12 shows 
Weight function verification
Considering the load independent characteristic of weight function, the nodal weight functions of the oblique edge crack geometries determined under the pure bending loads can be applied to the evaluation of stress intensity factors and the corresponding strain energy release rates for the mixed fracture mode under remote tension loads. The weight functions on the left-hand face of the oblique edge crack geometries with h/w=5.0 and 0.2 ≤ a/w ≤ 0.7 are calculated using the pure bending load and shown in Figure 15 . With the weight functions from pure bending loads, the strain energy release rates evaluated following weight function method and J-Integral method for the oblique edge crack elastic geometries under pure tension load conditions are listed in Table 2 . The less than 1 percent discrepancies for all a/w ratios further confirm the applicability and reliability of the weight functions determination for mixed mode fracture problems through applying VCE technique with symmetric mesh around crack-tip.
Fitting and interpolation of weight functions
Taking advantage of the well-known superposition principle, any load can be equivalent to a certain crack face load. As a result, the stress intensity factors due to the load may be determined with the crack-face weight functions which are obtainable through fitting the crack-face nodal weight functions with base functions. Generally, the polynomial bases are sufficient for the accurate fitting of the secondary crack-face nodal weight function components while the primary crack face weight function components should be fitted with special bases because the r / 1 singular behavior at the crack-tip neighborhood is observed in the primary crack-face nodal weight function components h Iy and h IIx as illustrated in previous sections. It is obviously that the primary crack-face weight function components with a given crack length (a) for the oblique edge crack geometry should be a function of the ratio (r s /a) between distance (r s ) from the crack tip and the crack length (a). Therefore, these primary components of a given oblique angle β in (x, y) coordinates can be fitting by the following equations where the superscripts U and L referring to the upper and lower crack faces respectively. Table 3 .
In terms of the application of weight functions, in some cases, such as the calculation of crack opening displacements based on the integral equation in (Cox & Marshall, 1991) , the weight function should be formulated a function of both crack length (a) and distance ratio away from the crack tip (r s /a). Thus, in this study, the coefficients, A n (a) and B n (a), are expressed as a function of crack length (a) for a given oblique angle through interpolating the corresponding coefficients for different crack length shown in Table 3 . The applicability and reliability of the interpolation is confirmed through the less than 1% discrepancy between the weight functions obtained from applying the interpolated weight functions and the direct VCE technique for a/w=0.35, 0.45, 0.55 as shown in Figure 17 .
CONCLUSIONS
The fracture mechanics provides a possible theoretical approach of analyzing a shear crack in an RC beam. Following the idea of fictitious crack model, the RC beam with a shear crack can be regarded as an oblique edge crack elastic geometry if the nonlinear bridging force is considered according to a bridging model separately, and correspondingly the seemingly inapplicable LEFM can be employed.
Obviously, the oblique edge crack geometry is generally under mixed mode load conditions for which closed form analytical solutions are unavailable. Thus, an efficient finite element method, where the VCE technique is coupled with symmetric mesh in the crack-tip neighborhood, is used in evaluating both strain energy release rates and weight function for the oblique edge crack geometry. Specific findings and conclusions are summarized as follows:
(1) The stable ranges of the microscale crack extension ratio Δa/l s for Mode I and Mode II components are different even using the same precise stiffness matrices and nodal displacement vectors. The stable range should be determined beforehand for a mixed mode fracture problem.
(2) Accuracy assessment of strain energy release rate evaluation based on the VCE technique method is conducted through comparing the results from the VCE technique and the generally accepted J-Integral method for the oblique crack geometries with h/w=5.0 and changing a/w ratios, where less than 1% discrepancies are achieved in almost all cases.
(3) The weight functions on all generally load applied faces for an RC beam, such as the left-hand face, top-face, upper and lower crack faces, are evaluated for the crack geometries with h/w=2.5, 5.0, 7.5 and a/w=0.3, 0.4, 0.5, 0.6. In LEFM, for an elastic cracked geometry under any arbitrary load conditions, the stresses of any points around the crack-tip can be related to the Mode I and Mode II stress intensity factor with a constant matrix. In addition, the stresses vary linearly for a unit load moving along the boundaries of the cracked geometry except for the crack faces. Thus, the weight functions should vary linearly along the boundaries as is observed in all weight functions along the left-hand face and top face for the RC beam. Therefore, the weight functions along all boundaries except for the crack faces of an RC beam with any shear span/beam depth ratio can be evaluated using the corresponding weight functions for two RC beams with different shear span/beam depth ratios.
(4) In terms of the crack-face weight functions, the weight functions along both the upper and lower faces for an RC beam can be utilized in RC beams with different shear span/beam depth ratios directly because the influence of the changing shear span/beam depth ratios on crack-face weight functions is negligible for an engineering purpose. Conclusively, the weight function components on the generally load applied faces of the oblique edge crack geometries and the corresponding the shear cracked RC beams with varying shear span/beam depth ratios (h/w) can be evaluated with the corresponding weight function components from only two shear span/beam depth (h/w) ratios.
(5) For the same crack geometries, the weight functions obtained from pure bending load conditions are employed in evaluating the stress intensity factors and corresponding strain energy release rates due to pure tension loads according to the weight function concept. The less than 1% discrepancies between the normalized stress energy release rates from the weight function concept and J-Integral method confirms the reliability and applicability of evaluating weight functions using the VCE technique.
(6) To facilitate the application of weight functions, the primary crack-face weight functions are formulated successfully as a function of crack length a and distance away from the crack-tip r s through fitting and interpolating the primary crack-face nodal weight functions. The fitted and interpolated weight functions are employed in calculating the crack-face weight functions for a/w=0. 35, 0.45, 0.55 and then compared with the corresponding nodal weight functions obtained directly from VCE technique. The less than 1% discrepancy between the primary crack-face weight functions from these two approaches confirms the applicability and reliability of the fitting and interpolating process. (1/√mm) Distance from point E (mm) (2) J: Strain energy release rates determined based on the J-Integral method. (2) J: Strain energy release rates determined based on the J-Integral method. 
